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Some new generalizations for m—convexity via
new conformable fractional integral operators

AHMET OCAK AKDEMIR, ERHAN DENizZ, EBRU YUKSEL

ABSTRACT. In this paper, some new generalizations for m—convex func-
tions have been given by using an integral identity via new conformable
fractional integrals and some further properties. It is pointed out that
special cases of our findings gave some earlier inequalities involving
Riemann-Liouville fractional integrals.

1. INTRODUCTION

We will recall some definitions as follows.

Definition 1.1. A function f : I C R — R is said to be convex if the
inequality

flte+ 1 —-t)y) <tf(x)+(1—-1)f(y)
holds for all z,y € I and ¢ € [0,1].

m—convexity was defined by Toader as follow:

Definition 1.2. (See [6]) The function f : [0,b] — R, b > 0, is said to be
m—convex, where m € [0, 1] ,we have

fltr+m1—t)y) <tf(x)+m(l—t)f(y)
for all z,y € [0,b] and ¢ € [0,1].

New results, generalizations and improvements for integral inequalities
via different kinds of convex functions including m—convexity can be found
in [6]-[14].

Some fractional integral operators generalize the some other fractional in-
tegrals, in special cases, as in the following integral operator. Jarad et. al.
[2] has defined a new fractional integral operator. Also, they gave some prop-
erties and relations between the some other fractional integral operators, as
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Riemann-Liouville fractional integral, Hadamard fractional integrals, gener-
alized fractional integral operators etc., with this operator.

Let 8 € C, Re(B) > 0, then the left and right sided fractional conformable
integral operators has defined respectively, as follows;

3 (@) = 1/:<<x“)a(t“)a)ﬁl( g,

r'(6) a t—a)=e
B30 f(a) = :lt/% ((b——x)&——(b——tyx>61 QN
' ) /. a CEDEE

For recent results, generalizations and improvements see the papers [1]-[4].

The main purpose of this paper is to give some new results as generaliza-
tions of the previous results for m—convexity via new conformable fractional
integral operators.

2. MAIN RESULTS

In order to prove our main theorems, we need the following lemma.

Lemma 2.1. (See [5]) Let f : [a,b] — R be a differentiable function on (a,b)
with a < b and f' € Lla,b]. Then the following equality holds for fractional
conformable integrals:

x—aaﬂ _xaﬁ
e ) - S [ )+ a2 )

= (@—a)?*7 /01 (1_(1_t)a>ﬁf’(tm + (1 —t)a)dt

b—a o

(b_x)aﬁJrl 1 1_(1_t)a B , B
+/0 (> Ptz + (1 - )bt

b—a Qo

where a, B > 0.

Theorem 2.1. Let f : [a,b] — R be a differentiable function on (a,b) with
a <band f" € Lla,b]. If|f'| is m—convex on [a,b] for some fized m € (0,1],
then the following inequality holds for fractional conformable integrals:

x—a)*P — x)oB

sarrn e (7 ()= e | (5 )| o-a)

f' ()] a?B? + 3ap3 . )

where o > 0,8 > 1.
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Proof. Since |f'| is m—convex on [a,b] and by Lemma 2.1, we can write

oo T 020 fa) - PO a0+ g w)|
<l / 1 (l“a’”)ﬁ f (b + (1 — o)t
U / 1 (1‘“&‘“)5 7t + (1 - Ob)ldt
_ <—b_>[”/0 <1_(1a_t)a)ﬂ|f’(t:n+m(1—t);)|dt
O (O e L
g@;ﬁMAXLQJWYGWM+MMQﬂ@m&
LY (g o] (2)

By using the fact that |1 — (1 —¢)%)® <1 — |1 —¢/*’ for a > 0,8 > 1, we
can write

r — a)*P —z)of
e O ) - D [ )+ )

< E520 [ (S (rraremeolr ()

W (1 5 tw) (1@ 4 ma =07 (2)])ar

By computing the above integrals, the proof is completed. O

Corollary 2.1. Under the assumptions of Theorem 1,
1) If we choose m = 1, we have the following inequality;

r—a)*? —x)*B8
e L S VORI 0]
2(af + 2(;/?17 —a)ab (‘f/ @] (@ =a)™* 4 |7 B)] (b - $)a6+1>

f(z) a?B2? + 3a8 § )
aﬁ(b—a) <2(04252+3aﬁ+2)> ((.x—a) ﬂ+1+(b—$) 5-1—1).

2) If we choose m =1 and © = “TH’, we have the following inequality;

() T o o |

2

af 2 b—a
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aB (b — a)*” , /
= 2a,8+ﬂ2((aﬂ+)2)ab’ (I @[+ 17" @)

(b—a)*? a?B% + 3ap ,(a+Db

T apgant <(oz2ﬂ2 + 3af + 2)) ! < 2 )’ '
Theorem 2.2. Let f : [a,b] — R be a differentiable function on (a,b) with
a <band f' € Lla,b]. If | f'|? is m—convex on [a, b] for some fized m € (0,1]
and p,q > 1, then the following inequality holds for fractional conformable
integrals:

(x —a)*® + (b— )8
(b —a)ab

_ @—at (B 1)\ (1F @ m )"
- b—a aftl 2

I(B+1)
b—a

(@) ERCEEI0)

b—a aftl 2

MGt (B(ﬁp+ 1,;)>5’ (If’(x)lq+m\f’ (5;))")‘11.

where zl? + % =1, a,0 >0, B(z,y) is Euler Beta function.
Proof. From Lemma 2.1 and using the Holder inequality, we have

(z—a)* + (b—2)*" IB+1)
(b—a)ab J) = b—a

()
([ G ma— | (2))a)
N </01 (t!f'(:n)\q+m(1 _nly <£L>

If the above integrals are calculated, we obtain

x —a)*8 —x)*B -
e O - D [t )+ 32100

_ @—aett (B 1)\ (1@ m ()"
- b—a af+l 2
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LGy (B(ﬁp+ Li)); (If’(x)l“rm\f’ (W)é
b—a af+l 2 '

The proof is completed. O

Corollary 2.2. Under the assumptions of Theorem 2,
1) If we choose m = 1, we have the following inequality;

T —a af — af
o O ey - D [ )+ )

(o~ a)oi+! (B(ﬁp+ 1’;)>; <|f’(:v)|"+ Iz <a>|q>3

<
- b—a aB+l 2

(o <B(ﬁp+1,;)>i (i <b>|q>i_

b—a aP+l 2

2) If we choose m =1 and x = aT—i-b7 we have the following inequality;

21=eB(h — )P~ [a+b FB+1)[5 ~a 5~
O () S TR T )+ s

1

<\f’(“2+b)\q +|f <a>q>q

3 =

- 2a+1 ab+1 2

(b—a)* (B(ﬂw Li))

1 1
L(b—a)? B(Bp+1L,2)\" (17D 1/ @)
2a8+1 aBt1 2 ’

Remark 2.1. If we choose |f'| < M in Corollary 2 (i), we obtain Theorem

2.2 of [5].

Theorem 2.3. Let f : [a,b] — R be a differentiable function on (a,b) with
a <band f' € Lla,b]. If|f'|? is m— convex on [a,b] for some fired m € (0, 1]
and q > 1, then the following inequality holds for fractional conformable
integrals:

Tr—a af — af
= O e R OREE 0|

_1
(:E—a)o"8+1 (B(laﬁ-i—l))l q
< (07
- b—a aftl

< (‘f/ff;)lq (; _B(2,a5—|—1)> N m\f;g;;)\q <2<a2ﬁ+ 2)>>;

o (50520

b—a af+l
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X (U"g;)l" (; - B(2,a8 + 1)> L \f;(ﬁ};)\q <2(O;5+ 2)>>2.

where a > 0,5 > 1, B(x,y) is Euler Beta function.

Proof. Since | f’|? is m—convex on [a,b] for ¢ > 1, from Lemma 2.1 and the
well known power mean integral inequality, we can write

s~ P [0 +32 1)

(x —a)*® + (b— )
(b—a)aP

< (x—bi)zﬁ“ (/01 <1— (L— t)a>6dt)1_;
X (/01 (1_(1(1_t)a>ﬁ<t}f'(x)‘q+m(l—t)
+(b—b”i)z8“ (/01 <1— (L— t)a)ﬂdt>l_;
X (/01 (1_(16;’5)a)ﬁ (t‘f’(x)‘q—i-m(l—t) f (i) q) dt)q.

By a simple computation and by using the fact that |1 — (1 — t)a|6 <1-
11 —¢t|* for & > 0,8 > 1, we get

1
q

r)e)

x—a)*f — )b
( ()b_z)(zg ) f(:zc)—r(bﬂ_zl)[%af(b)ﬁsg‘f(a)}’
et (B(L A1)\

= ( b—)a ( (aﬁH )>

X (V(E;)‘q (; —~B(2,a8+ 1)> L \f/ag;g)\q <2<a7f+ 2)>>;

_’_(b—x)o‘ﬂ""l (B (é,ﬂ—{— 1))1_}1

b—a abtl

(9 (3 prene ) o L (o)

the result is obtained and the proof is completed. O
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Corollary 2.3. Under the assumptions of Theorem 3:
1) If we choose m =1, we have the following inequality:

(z—a)*® + (b— )
(b —a)ab

T — a)oBt1 B$75+1 1—%
< ooy ( G ))
£ () If (@ [ aB
( of (2_B<2 ﬂ“))* o <2<a/3+2>>>
b_xa,B+1 B é?ﬁ“‘l 1—%
N b_)@ ( (aﬂ“ ))

(25 ) 2 ()

2) If we choose m =1 and x = aTH’, we have the following inequality:

2198 —a)*P=1 fa+b\ T(B+1) [5 .a 3o
of f( 2 ) b—a [“éb f()Jrﬁ"“z”’f(a)H

L@+1)

fa) - =

ERUESI0)

Qe

Q=

1

1—2
. 0-a (BEE+D)
- 2a+1 abt+1

. (W (; _B(2,a8 + 1>> + 'flo(ég)q (z(a;/i 2)))

(- (3(5,“1))1-3

2a8+1 aBt1
(\f';\ (1_3(2a5+1)>+|f’(b)lq( a ))
2 2 ' af 2(af+2)

Remark 2.2. If we choose |f'| < M in Corollary 3 (i), we obtain Theorem
2.3 of [5].

Q=

Q=
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